Week 8 : Day 2
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a There are three different axes about which an object
will naturally spin.

Q The point at which the three axes intersect is called
the center of mass.

Center of Mass

Person  L_
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Goals:

1. Define the Center of mass (com) for a system of particles

2. Calculate the velocity and acceleration of the center of mass

3. Derive the equation of motion for the center of mass.

Consider a system of two particles of masses m, and m,
at positions x, and x,, respectively. We define the |

position of the center of mass (com) as follows:

My

. —mx +m, X,

com B

m, -|—m2
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Q For an object to remain upright, its center of gravity must be above
its area of support.

Q The area of support includes the entire region surrounded by the
actual supports.

Q An object will topple over if its’ center of mass is not above its area
of support.

Area of support

This box will not topple over. This box will topple over.
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We can generalize the above definition for a system of n particles as follows:

xCOl’l’l
m +m,+m,+..+m M

_ X X X A X, X Xy X X, 1 Zn:m.x.
M~

Here M 1s the total mass of all the particles M =m, +m, +m, +...+m,.

We can further generalize the definition for the center of mass of a system of

particles in three-dimensional space. We assume that the ith particle

( mass m, ) has position vector r..

1 &
rooo=— E m.r.
com i'i

M S
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Center of Mass of a Group of Particles

| |
D WO r k I n g ro u p s At first sight, calculating the motion of an extended object (such as a javelin) or a group of particles

(such as debris from an explosion) seems complicated. But we can make life easier by following only
the motion of the center of mass of the system. Thus, we can determine the motion of a javelin by

> applying Newton’s Laws to its center of mass, rather than calculating the motion of each individual
point.

In 2-dimensions, the center of mass of a group of N point masses (particles) is

> Reon = Xcoul +Yeon]

where
N N N N
Xeow = zx,m,- Zmi and Y, = Zyimi zmi
i=1 =1 i=1 i=1

are the x- and y- components of the center of mass, respectively.

Even if you are not actually dealing with particles, it is often possible to treat objects as if they are point
masses, if they are uniform and symmetric (e.g., its obvious that the center of mass of a uniform disk
must be at its center), or if you are trying to find the CoM of objects which are small compared to their
distance apart (e.g., Earth and Moon).

OK, so here’s the Earth and Moon. Where is the CoM?
You will find the relevant data in the Appendix in your textbook. Take the origin of the x-axis to be the
center of the Earth. Is the CoM inside or outside the Earth?

< : ©

Earth Moon

Adapted from Halliday, Resnick and Walker; © Michael Jay Schillaci
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4
1;1\"1 F, Consider a system of n particles of masses m,,m,,m, ...,m,
m, e, / and position vectors 7, 7,, 1, ..., I, , respectively.
F, mn; .. .
A\ The position vector of the center of mass is given by
x y
My, =mr +m,r, +m,r, +...+m r,. We take the time derivative of both sides —
d . d . d d _ -
M—r, =m—nr+m,—r,+m,—r+..+m —r,
dt dt dt dt dt

My, =my +m,v,+my,+...+my . Herev_  is the velocity of the com
and v, is the velocity of the ith particle. We take the time derivative once more —

d _ d _ d _ d _ -
—vcom=m1—v1+m2—v2+m3—v3+...+mn—vn —
dt dt dt dt dt

Ma,  =ma, +m,a, +ma, +..+ma, . Herea,  1s the acceleration of the com

M

and a, is the acceleration of the ith particle.
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. . R 1 &
The position vector for the center of mass is given by the equation 7, = " Z mr..
i=1

The position vector can be writtenas r,_ =x_ 1+y__j+z_ K.

The components of 7, are given by the equations
X L En m.x y L En m;y L Enm
com 17 com i Zcom = iZi
M “3 M 3 M 3

The center of mass of a system of particles moves as though > e
all the system's mass were concentrated there, and that the

vector sum of all the external forces were applied there

The equation of motion for the center of mass becomes Md__ = F

net *

In terms of components we have:
F = Ma F = Ma F = Ma

net,x com,x net,y com,y net, z com,z

. UPI Slide 8 of 14 Adapted from Halliday, Resnick and Walker; © Michael Jay Schillaci



—

Ma__ = F

com net \

e
-
-

The equations above show that the center of mass of a system of particles
moves as though all the system's mass were concentrated there, and that the
vector sum of all the external forces were applied there. A dramatic example is

given in the figure. In a fireworks display a rocket is launched and moves under

the influence of gravity on a parabolic path (projectile motion). At a certain point — a
the rocket explodes into fragments. If the explosion had not occurred, the rocket net,x com,x
would have continued to move on the parabolic trajectory (dashed line). The forces — a
of the explosion, even though large, are all internal and as such cancel out. The net.y oy
only external force is that of gravity and this remains the same before and after the Fnet,z — acom,z

explosion. This means that the center of mass of the fragments follows the same

parabolic trajectory that the rocket would have followed had it not exploded.
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The sums that are used for the calculation of the center of mass of systems with

discrete distribution of mass become integrals:

X, = ﬁ j xdm Yooy = ﬁ J- ydm Zom = ﬁ J- zdm

O Here the mass element dm may be expressed in a variety of ways

depending on the geometry
>
>
>

a If the mass is uniformly distributed the center of mass of many objects
can be found by inspection

>
@ C
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For a continuous distribution of mass, the expression for the center of
mass of a collection of particles :

V, -= N
i —»

S mx

— Az i
— "'1 - |
- ..1 X — =

clc. .. - Om
meoom, ms my M

becomes an infinite sum and is expressed in the form of an integral

M

N
z ﬂ”‘]r_l'; j xdm

v = lim =%
T Am—0 M M

For the case of a uniform rod this becomes
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] L] L —_— i
a Consider a typical machine part ;
| -
> 2m i :Pﬂ
_________ ¥y |
» o \__/
—
| 7
MiXem +Maxy = mxg =0
mo |
= Xem = ——X4. T |
mi
» my wrr on
— F2_r2 2
mi £ i {H o
' Xem = _Ed:__*d
T
o *‘ . = —— HT .0.5m
— { ;511:11 o
— —2581x10°m=—2581mm

‘ 2m ‘
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The center of mass of a 2D uniform triangular region 1s the centroid

0 Begin with the definition ==
of the center of mass Pl DN

First we consider a right triangle with perpendicular sides b and h

— — y , — by
Yooy = erm . .
> v 7— 1 dA=dxdy

—_— M d d _ 2 h and find the x c{:ordinﬁreg:;f the centroid asx
Xeoy = | X ——axay=—
J

A 3 Xemd = f xdA

I

N
g h P—.‘.’ h I'l':"il'_'l.'
M dm = f f xdy | dx = f [x»] dx
0 0 0 y=_0

— - — )
Ycom IyAdXdy !

(bh) f” (z; \ . bx3 bi?
Xem | — = x|—x)dr= ——| =—
2 h ) h 3 3
“ Y, . 0
'g
dm 2h _
= Yem = —=. @ third of the way to the left of the ver-

tical base on the right. By similar reasoning, but in the y direction,
the centroid 1s a third of the way up from the base.
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a Set up the integral

yCOIIl

>

-
Il
=l
-

— dA=dxdy
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